Topographic regularity of axonal connections is commonly understood as the preservation of spatial relationships between nearby neurons and is a fundamental structural property of the brain. In particular the retinotopic mapping of the visual pathway can even be quantitatively computed. Inspired from this previously untapped anatomical knowledge, we propose a novel tractography method that preserves both topographic and geometric regularity. We make use of parameterized curves with Frenet-Serret frame and introduce a highly flexible mechanism for controlling geometric regularity. At the same time, we incorporate a novel local data support term in order to account for topographic organization. Unifying geometry with topographic regularity, we develop a Bayesian framework for generating highly organized streamlines that accurately follow neuroanatomy. We additionally propose two novel validation techniques to quantify topographic regularity. In our experiments, we studied the results of our approach with respect to connectivity, reproducibility and topographic regularity aspects. We present both qualitative and quantitative comparisons of our technique against three algorithms from MRtrix3. We show that our method successfully generates highly organized fiber tracks while capturing bundle anatomy that are geometrically challenging for other approaches.
Introduction
Tractography is an exciting technique that enables extraction of the brain connectome, in-vivo, using diffusion MRI (dMRI) (Wandell, 2016) . However validation of tractograms is challenging due to lack of ground truth (Côt e et al., 2013) . On the other hand, the regular topographic organization of many fiber systems in human brains provide a surprisingly untapped anatomical knowledge for the improvement and validation of tractography techniques. Some of the well-known examples include the retinotopic organization of the visual pathway (Engel et al., 1997) , the somatotopic organization of the somatosensory pathway (Ruben et al., 2001) , and the tonotopic organization of the auditory pathway (Morosan et al., 2001) . In this study, we leverage this anatomical knowledge to develop a novel probabilistic tractography algorithm as well as quantitative techniques to validate tractograms.
There has been a plethora of tractography algorithms proposed in the literature during the last two decades. Initial tractography algorithms were based on the diffusion tensor model and propagation along the direction of the principal eigenvalue (Conturo et al., 1999; Jones et al., 1999; Mori et al., 1999; Basser et al., 2000; Mori and van Zijl, 2002; Lazar et al., 2003) . Acknowledging the limitations of the noisy, low resolution dMRI data, there has been a shift towards addressing the uncertainty. This lead to several propagation or walker based solutions including techniques based on (i) front evolution and marching methods (Parker et al., 2002; Tournier et al., 2003; Kang et al., 2005; Pichon et al., 2005; Jackowski et al., 2005; Prados et al., 2006; Li et al., 2014) , (ii) probabilistic and combinatorial techniques based on random walks and various sampling schemes (Bjrnemo et al., 2002; Behrens et al., 2003 Behrens et al., , 2007 Hagmann et al., 2003; Parker et al., 2003; Lu et al., 2006; Friman et al., 2006; Lifshits et al., 2009; Descoteaux et al., 2009; Tournier et al., 2012; Jeurissen et al., 2014) , (iii) Kalman filtering (G€ ossl et al., 2002; Malcolm et al., 2009 Malcolm et al., , 2010 , (iv) bootstrap methods (Lazar and Alexander, 2005; Jones, 2008; Jeurissen et al., 2011; Vorburger et al., 2013; Campbell et al., 2014; Jeurissen et al., 2011 Jeurissen et al., , 2011 , (v) graph theoretical techniques (Iturria-Medina et al., 2007; Sotiropoulos et al., 2010 ) and (vi) particle filtering (Zhang et al., 2009; Savadjiev et al., 2010; Pontabry et al., 2013; Stamm et al., 2013; Rowe et al., 2013) . Simultaneous to these efforts, there have been several creative approaches proposed for a global solution using (i) fast marching methods and geodesics (Parker et al., 2002; O'Donnell et al., 2002; Campbell et al., 2005; Jbabdi et al., 2007a; Zalesky, 2008; P echaud et al., 2009; Hageman et al., 2009; Lenglet et al., 2009) (ii) spin glass models (Mangin et al., 2002; Fillard et al., 2009 ) (iii) Bayesian model (Jbabdi et al., 2007b ) (iv) Gibbs sampling (Kreher et al., 2008; Reisert et al., 2011) (v) Hough transform (Aganj et al., 2011) and (vi) ant colony optimization (Feng and Wang, 2011) .
With the advances in multi-band and parallel imaging techniques (Feinberg et al., 2010; Moeller et al., 2010; Setsompop et al., 2012) , leading to the availability of HARDI (Tuch et al., 2002; Jansons and Alexander, 2003; Porter and Heidemann, 2009 ) and multi-shell diffusion imaging data Ugurbil et al., 2013) , representation and modeling of signals have improved from tensors and multi-tensors to Q-ball (Tuch, 2004) and constrained spherical deconvolution (Tournier et al., 2004 (Tournier et al., , 2007 . With the increasing efforts on analyzing tissue microstructure and compartment modeling that provide even more accurate local uncertainty models for fiber orientation distributions (FODs) (Tran and Shi, 2015; Novikov et al., 2016; Panagiotaki et al., 2012; Ferizi et al., 2014) , the community has been pushing towards obtaining quantitative tractograms (Girard et al., 2014; Jbabdi and Johansen-Berg, 2011) . Majority of the efforts aiming for this goal mainly start with a large set of precomputed streamlines and filter or weigh them so they best match the underlaying diffusion signal (Sherbondy et al., 2008 (Sherbondy et al., , 2010 Smith et al., 2013 Smith et al., , 2015 Takemura et al., 2016; Pestilli et al., 2014; Daducci et al., 2015; Lemkaddem et al., 2014) . It is worth mentioning that there are also tractography algorithms proposed to solve the local microstructure problem together with the global tractogram (Reisert et al., 2014) .
Despite the vast amount of efforts spent on obtaining reproducible and reliable results, recent validation studies and reviews (Besseling et al., 2012; Thomas et al., 2014; Donahue et al., 2016; Daducci et al., 2016; Yeh et al., 2016) caution for the limitations of tractography. In addition to false negative results , algorithms generating large amounts of false positives (Maier-Hein et al., 2017) are recently reported to be significantly detrimental in the analysis of connectomes (Zalesky et al., 2016) , indicating a need for novel tractography algorithms towards quantitative tractograms and connectomes.
Previous tractography techniques do not take into account the topographic organization that is commonly encountered in the brain. To the best of our knowledge, there is no tractography algorithm in the literature that makes use of this precious neuroanatomic property of the axonal connections of the brain. Additionally, conventional tractography methods mostly rely only on step size and curvature parameters to control the geometric regularity of streamlines (Fillard et al., 2011) which can be improved with a more general representation of curves using differential geometry, enabling flexible mechanisms to reliably reconstruct pathways that have sharply bending segments such as the Meyer's loop of the optic radiation.
In this work, we propose a novel propagation based probabilistic technique that incorporates mechanisms to address both topographic and geometric regularities of brain's connections. We use a general parametric representation for each segment of streamlines using the FrenetSerret frame that enables geometrically very regular tracking of pathways while allowing the tracker to handle very sharp turns. In order to take into account the topographic regularity, we developed a novel algorithm to measure the data support that tests the match of parallel curves to the FODs in the neighborhood of each point. Taking geometry and topography together, we use a Bayesian approach with rejection sampling for propagation and reconstruct highly organized tractograms.
In addition to lack of reliable tractography algorithms, the validation of results is another challenge towards quantitative tractography. Phantom based validation approaches were proposed in various earlier studies (Bach et al., 2014; Campbell et al., 2006; Fieremans et al., 2008; Pullens et al., 2010) . However the translation of artificial phantoms to biological tissues is not clear. As an anatomically and histologically more reliable approach, tracer injections have been used in several studies (Calabrese et al., 2015; Chen et al., 2015) . Injection experiments on the other hand are very costly, difficult and conducting tests on human or monkey are extremely challenging (Dauguet et al., 2007; Jbabdi et al., 2013a; Schmahmann et al., 2007; van den Heuvel et al., 2015) . Alternatively, synthetic phantoms have been used in the literature for the validation of tractograms (Leemans et al., 2005; Neher et al., 2014) ; which are cheap and easy to use, but computer simulated and do not truly reflect the real tissue. Recent developments for 3D histology such as 3D polarized light imaging (Axer et al., 2011) and CLARITY (Chung and Deisseroth, 2013) also provide promising tools and opportunities for tractography validation.
The second contribution of our work is the novel in-vivo tractography validation framework that we used. In contrast to previous techniques, we propose to use the already known anatomical information based on the topographically organized connections in the brain. To achieve this, we developed two independent techniques. Our first approach is based on the visual pathway that is retinotopically organized (Engel et al., 1997) . The second approach is based on a mathematical formulation of the neuroscientific understanding of topographic regularity, which implies the preservation of the spatial relationships between the end points of axonal projections. In our literature review, we were not able to find any other example of a validation approach for topographic regularity of tractograms.
We tested our technique with four sets of experiments that address the "connectivity", "reproducibility" and "topographic regularity" aspects. The FiberCup phantom that was featured in the MICCAI 2009 tractography challenge and the Traced dataset that was collected for the ISMRMR 2017 tractography challenge were used respectively to study connectivity and reproducibility performances of our approach. For topographic regularity tests, we conducted experiments on the visual and motor pathways using the multi-shell dMRI data of the Human Connectome Project (HCP) (Van Essen et al., 2012) . Using tractograms of 56 subjects for visual and 10 subjects for motor pathway reconstructions, we compared our method with three tractography algorithms of the MRtrix package (J-D Tournier, Brain Research Institute, Melbourne, Australia, https://github.com/MRtrix3/mrtrix3).
In a precursory study (Aydogan and Shi, 2016) , we presented the motivation of our work with limited technical information and demonstrated preliminary results. The current work not only provides all the details of the algorithm and its implementation, it also introduces a completely new technique to assess topographic regularity. Lastly, in this study, we provide extensive qualitative and quantitative evaluations of our technique.
Our results show that the proposed method is able to generate highly organized streamlines while capturing challenging pathways such as the Meyer's loop of the visual radiation. We also quantitatively show with two independent techniques that our method performs very well in preserving the topographic alignment for both visual and motor pathways. Overall, the proposed tractography method and the measurement techniques offer novel tools to study and understand the structural and topographic organization of the brain which is largely unexplored.
Methods
We divided the explanation of our methods into two parts. In section 2.1, we explain our tractography approach. In section 2.2, we propose validation approaches for topographic regularity.
Geometric and topographic regularity preserving probabilistic tractography
Our tractography approach is based on preserving geometric and topographic regularity of streamlines. Before explaining our technique in detail, we first outline our mathematical notation, definitions and give an overview of our approach.
Definition 1 (Streamline).
A streamline is a finite sequence of points that is used to represent a connection in the brain obtained using dMRI based tractography. Following the sequence notation, we denote a streamline as Γ ¼ ðp 0 ; p 1 ; p 2 ; ⋯Þ where p t 2 ℝ 3 .
The tractography technique we propose is a propagation based probabilistic approach. These techniques typically start from a user provided point that is commonly called the seed. Initiating from the seed, a series of computations are done to determine a direction to propagate. At each time step, a new propagation direction is computed and a step is taken towards this direction. Evidently these techniques are also called walker approaches in the literature.
Due to the time evolving nature of walker based streamline reconstruction, we will use the notation p t for the point at time step t. Therefore the seed point is p 0 . Let's assume that at t À 1 and point p tÀ1 , the direction to propagate is computed as T tÀ1 . Then 1 st order integration based walker tractography techniques set p t ¼ p tÀ1 þ T tÀ1 Δs where Δs is a step size for propagation. This assignment assumes that the tangent, T tÀ1 ¼ pt ÀptÀ1
Δs , of the streamline between p tÀ1 and p t is constant. Using T tÀ1 , a streamline can be expressed as a sequence of points along piecewise arc length parameterized curves:
Γ ¼ ðp 0 ; p 1 ; p 2 ; ⋯Þ ¼ ðγ 0 ð0Þ; γ 1 ð0Þ; γ 2 ð0Þ; γ 3 ð0Þ; ⋯Þ ; or equivalently ¼ ðγ 0 ð0Þ; γ 0 ðΔsÞ; γ 1 ðΔsÞ; γ 2 ðΔsÞ; ⋯Þ ; where
(1) here γ t ðsÞ is used to denote a parameterized curve with its arc length, s, initialized at point, p t . At each time step, t, shown in the subscript, a different curve parametrizes the points for the propagation of the streamline starting from p t . Fig. 1 shows a visual representation of our notation for clarification. Notice that γ t ðÀsÞ ¼ γ tÀ1 ðΔs À sÞ only at s ¼ 0.
Almost all tractography techniques have mechanisms to preserve the geometric regularity of streamlines since it is common to consider that the axonal connections in the brain project along smoothly varying curves. However, because of the very definition of the parameterization shown in Equation (1), there are limited ways to achieve this during propagation. As a result, most tractography approaches, including the global techniques, almost always control the geometric regularity of streamlines by constraining the maximum angle between consecutive tangents which is not a sufficient solution as pointed out in earlier studies (Tournier et al., 2002 (Tournier et al., , 2012 . The problem is well-known and from the early years of tractography, numerical solutions such as higher order Runge-Kutta integrations (Basser et al., 2000) and later 2 nd order propagations were proposed to introduce stronger geometric regularity and preventing overshoots .
In contrast to other approaches, we propose to use a Bayesian framework to preserve geometric and topographic regularity of streamlines while tracking. Given a seed point p 0 , at time t ¼ 0, our tractography algorithm initializes by finding the first curve γ 0 ðsÞ, p 0 ¼ γ 0 ð0Þ. Then it moves by taking a step of Δs which gives, p 1 ¼ γ 0 ðΔsÞ. Given a previous curve parametrization, γ tÀ1 , the probability of picking the next curve, γ t for t > 0 can be expressed as:
Here the prior term relates the previous curve to the next, thus, can be used to control geometric regularity. On the other hand, the likelihood term relates the data, D , to the next curve which we use to control topographic regularity. As the data term, our algorithm uses FODs that are represented with spherical harmonic coefficients which can be estimated from dMRI using various techniques (Tournier et al., 2007; Tran and Shi, 2015) and software packages (Tournier et al., 2012; Garyfallidis et al., 2014) . Fig. 2 explains our propagation technique. In the next sections, we describe our approach to compute the prior and likelihood terms.
2.1.1. Preservation of geometric regularity Equation (1) shows that each segment between consecutive points of a streamline lay on a parameterized curve. In order to preserve geometric regularity, we propose to use a generalized parametrization. For that purpose, we use the Frenet-Serret frame and formulas to represent segments of streamlines.
Frenet-Serret frame is composed of three orthonormal vectors: tangent (T), normal (N) and binormal (B). Given a non-degenerate curve γðsÞ : ℝ → ℝ 3 that is parameterized by its arc length s, T ¼ dγ=ds, N ¼ ðdT=dsÞ=jdT=dsj and B ¼ T Â N. The T, N, B vectors control the 3D positioning of curves which we will shortly denote as F ¼ fT; N; Bg. Frenet-Serret formulas express the derivatives of T, N and B with a system of first order ODEs: dT=ds ¼ κN, dN=ds ¼ ÀκT þ τB and dB=ds ¼ À τN. Here κ is the curvature and τ is the torsion of the curve.
Our method parameterizes each segment with constant κ and τ. Given the initial condition, i.e.: γð0Þ, Tð0Þ, Nð0Þ and Bð0Þ, Frenet-Serret ODE system can be solved as shown in Appendix A. During the propagation of γ tÀ1 ðsÞ from p tÀ1 ¼ γ tÀ1 ð0Þ to point p t ¼ γ tÀ1 ðΔsÞ, the Frenet-Serret frame is subjected to rotation as a function of s due to non-zero curvature and torsion. We will use F tÀ1 ðsÞ ¼ fT tÀ1 ðsÞ; N tÀ1 ðsÞ; B tÀ1 ðsÞg to denote the arc length dependence of the Frenet-Serret frame as shown in Fig. 3(a) . The constant curvature and torsion for this segment are denoted as κ tÀ1 and τ tÀ1 respectively.
At the end of each propagation, p t ¼ γ tÀ1 ðΔsÞ, in order to propagate to the next point, p tþ1 , we need to pick a new curve parametrization and solve γ t ðsÞ. By definition, γ t ð0Þ ¼ p t , thus F t ð0Þ, κ t and τ t need to be known to solve γ t ðsÞ. In order to determine these parameters, we generate and consider random candidate curve parameterizations that resemble the previous parametrization that is F tÀ1 ðΔsÞ, κ tÀ1 and τ tÀ1 . For this purpose, random κ t and τ t are picked from Gaussian distributions with mean κ tÀ1 and τ tÀ1 with user defined variances σ 2 κ and σ 2 τ respectively. A random F t ð0Þ on the other hand is obtained by rotating the previous Frenet-Serret frame, F tÀ1 ðΔsÞ, following the intrinsic Tait-Bryan rotation (x-y'-z'') around T, N and B axes as shown in Fig. 3 Prior term can be thought as a weight for the likelihood. It lowers the (posterior) probability of selecting a candidate parameterization that has a very large data support (likelihood), if it is geometrically very different than the current segment. On the other hand, if a candidate is geometrically similar to the current parameterization, prior increases its chances to be picked even it is poorly supported by the data. In our current implementation, we use the prior term shown in Equation (3) as a measure of the geometrical transition between the two curves. The expression has its highest value when the curve parameterizations at p t are identical, and it decreases with the increase in parameter differences between the two curves.
where h; i is the dot product.T,Ñ andB are the vectors shown in Fig. 3 is low, which is the desired functionality of the prior term. Similarly, if randomly picked κ t and τ t are largely different than κ tÀ1 and τ tÀ1 , prior will be low. In Equation (4), Ψ ðκÞ ¼ asinðκÞ is used to linearly vary the curvature which is explained in detail in Appendix C. The 1= ffiffiffiffiffiffiffiffiffiffi ffi 2πσ 2 p terms of the Gaussian functions are not used since they are same for all the candidates.
Preservation of topographic regularity
We showed with Equation (2) that the likelihood term is used to quantify how well the local FOD field supports topographically aligned streamlines. Note that the field of FODs over an image volume can be expressed as a spherical function D ðp; TÞ : ℝ 3 Â S 2 → ℝ, where p 2 ℝ 3 is the location of a point in the dMRI and T 2 S 2 is a unit vector. In order to calculate the likelihood using FOD data, we use the parallel curve definition which are also known as offset curves in computer graphics and computer aided design:
Definition 2 (Parallel curves). Let γ and γ t be two curves. If γð0Þ lies on the normal plane of γ t at γ t ð0Þ and F ð0Þ ¼ F t ð0Þ, κ ¼ κ t , τ ¼ τ t then γ Fig. 3 . (a) Frenet-Serret frame rotates as a function of arc length, s. The frame at p tÀ1 , F tÀ1 ð0Þ, gradually changes into the frame at p t , F tÀ1 ðΔsÞ, during propagation. At p t , based on F tÀ1 ðΔsÞ, the Frenet-Serret frame of a candidate curve, F t ð0Þ, is randomly generated using 3 consecutive rotations. respectively. Notice that the Frenet-Serret frame is always orthonormal during the propagation and after each rotation.
The functions used to compute the prior are given in Equation (4). 
and γ t are parallel curves which is denoted as γ k γ t . Here F , κ and τ are the Frenet-Serret frame, curvature and torsion of γ respectively.
For a curve γ t at p t ¼ γ t ð0Þ, we use the following function to quantify how well topographical organization is supported by the FOD data:
where r is the radius of the integration sphere that has the center point p t . By integrating the contributions of FODs belonging to parallel curves, we measure the data support for the candidate γ t . The constant term in front of Equation (5) normalizes the expression which is written here for completeness but not computed in our implementation. In order to estimate the likelihood expression, we discretize the integration domain using evenly spaced 27 points and add the individual contributions of FODs for each point as illustrated in Fig. 4 . For this visualization, we picked a center point that is located in the corpus callosum of one of the HCP subjects. For clarity, parallel curves are shown on 4 of the 27 points. We analytically obtain the tangents of parallel curves at each point as shown in Appendix B and linearly interpolate the FODs at the integration points. The final likelihood is the average data support for the parallel curves obtained using the amplitude of interpolated FODs along the directions of the tangents.
Implementation details and the algorithm
Algorithm 1 shows the pseudo code for the proposed method. At time t ¼ 0, candidate curves are randomly generated. For t > 0, candidate curves are generated as explained in section 2.1.1.
For propagation, a single curve is randomly sampled from the candidate curve space using rejection sampling (lines 5-19 in Alg 1). For that we use an estimate of the maximum posterior probability for the space of candidate curves. Notice that a close estimate is not theoretically required, but it speeds up the sampling. One common way for the estimation is to compute the maximum posterior probability of a number of candidates and multiply it with a constant (> 1) in order to compensate for possible underestimation. In our implementation, we compute the maximum of 100 candidates' posterior probabilities and multiply it with 2. A random candidate is finally picked if its posterior probability divided by the estimated maximum is bigger than a random number selected from the uniform distribution U ð0; 1Þ (lines 16-18 in Alg 1). The same rejection sampling approach is found effective for other probabilistic techniques as well and it is used for example in MRtrix's iFOD1 and iFOD2 algorithms. Because our technique takes steps along smooth curves, we typically use very small steps, $ 1=1000 of a voxel size. Since the posterior maximum depends on the data which does not noticeably change at the scale of our algorithm's step size, we compute an estimate for the posterior probability maximum at each 100 steps in order to speed up the propagation (lines 3-4 in Alg 1). Also in order to save hard-drive space, we write segments after each 100 steps (line 22 in Alg 1). For the initial likelihood computation we use the whole sphere around the seed point. However during the propagation, we compute the likelihood on half the sphere that is along the propagation direction. As stopping conditions, the propagation is terminated if a candidate with a likelihood above a user defined cut-off threshold can not be found or a suitable candidate can not be picked by rejection sampling after 1000 trials. Additionally, propagation can be stopped by user defined ROI constraints. t is determined by taking a step along the previous curve γ tÀ1 ðΔsÞ. (b) Likelihoods are estimated using 27 points in the integration sphere shown as black dots. The integration sphere is centered at p t and has a user defined radius of r. (c) To start, we obtain FODs at the integration points using trilinear interpolation. (d) Then candidate curves resembling the previous curve at γ tÀ1 ðΔsÞ are generated. An example candidate curve, γ t , is shown with red, green and blue frames indicating the rectifying (TB), osculating (TN) and normal (NB) planes respectively. (e) To estimate the data support for the candidate curve, parallel curves passing through the integration points are computed. These are shown at few selected integration points in order to keep the visualization clean. A parallel curve, γ, at point γð0Þ has the identical Frenet-Serret frame of γ t at p t . At integration points, the rotated Frenet-Serret frames and s are computed as shown in Appendix B. Red, green and blue arrows indicate T, N and B respectively. (f) Likelihood is assigned as the average of the FOD amplitudes at the integration points along the computed parallel curve tangents, D ðγðsÞ; TðsÞÞ. In order to speed up the likelihood computations for different candidate curves, all likelihoods are computed using the same integration points and interpolated FODs.
Quantitative validation of topographic regularity
Quantitative validation of tractography is a very challenging and a standing problem. In this section we present two different ways to achieve this. The first approach that is presented in section 2.2.1 shows a technique based on prior anatomical knowledge. In particular the well known topographic organization of the visual pathway. However this precise anatomical knowledge is not yet known for other topographically regular fiber systems of the brain. For that reason we developed another approach that measures the intrinsic topographic regularity (ITR) without the need of anatomical ground truth. This is presented in section 2.2.2.
Quantitative validation using retinotopic organization
The projections of the optic radiation that connect the lateral geniculate nucleus (LGN) and the primary visual cortex (V1) are long known to be topographically regular, following the retinotopical organization (Holmes, 1918) that implies a mapping between the visual field and the visual cortex (Fig. 5) .
Early studies based on electrophysiological and electrical stimulation in the monkey brain proposed quantitative models to map the points in the visual field defined with angle and eccentricity coordinates to the superior colliculus (Ottes et al., 1986) . Similarly, in (Arcaro et al., 2015) , authors showed the topographic organization of the retinotopic coordinates inside the human LGN using fMRI. Angle and eccentricity coordinates were also mapped on the visual cortex. In (Tootell et al., 1988) , authors conducted experiments on the monkey brain showing excellent topographic mapping between the visual field and the cup shaped occipital pole. Similar results were obtained using fMRI on the human brain as well (Engel et al., 1997) .
More recently in (Benson et al., 2012 (Benson et al., , 2014 , authors proposed an approach to compute the retinotopic mapping on V1 by using only the geometrical properties of the cortical surface. With this approach, angle and eccentricity coordinates can be mapped on V1 as shown in Fig. 5 using only structure MRI (T1). This provides an opportunity for in-vivo validation of tractograms in terms of how well they preserve the retinotopic mapping between LGN and V1.
Although the exact functions are still subject to research, smooth variations of angle and eccentricity values are expected on the cross sections of the optic radiation when traced back from V1 towards LGN. In particular, based on the previous works summarized above, we expect the eccentricity component to preserve its cup shape organization around the occipital pole. The U-shaped eccentricity function can be approximated with a quadratic expression along the cross sections of the optic radiation. As a result, we propose the quality of fit measures such as mean square error (MSE) and coefficient of determination (R 2 ) to quantify how well tractograms preserve topographic regularity.
In addition to its intriguing topographic organization, optic radiation has also an alluring geometric property. The inferior bundle of the optic radiation has an unconventional trajectory which first courses anteriorly and then sharply turns posteriorly towards the visual cortex forming the elusive Meyer's loop (Meyer, 1907) . Because of the quantitative coordinates provided by the retinotopic map and the challenges in reconstructing the Meyer's loop, we believe the optic radiation is one of the ideal test benches to study and validate tractograms.
Quantitative validation using intrinsic topographic regularity (ITR)
In neuroscience, topographic regularity although does not have a precise definition, it is commonly understood as point-to-point axonal connections among neurons which preserve certain spatial relationships (Thivierge and Marcus, 2007; Patel et al., 2014) . In this section, we translate this definition into a mathematical form and propose a measure to quantify topographic regularity.
Let M and N be two 2-manifolds with elements x 2 M and y 2 N . And let T ¼ fΓ 1 ; Γ 2 ; Γ 3 ; ⋯; Γ n g be a set of streamlines, i.e.: a tractogram. Consider the case that 8 Γ i 2 T , x i 2 M and y i 2 N where Γ i ¼ ðx i ; ⋯; y i Þ that is x i and y i are the first and last points of Γ i respectively. Resultantly, T : M → N is a one-to-one mapping that maps the set of points X ¼ fx 1 ; x 2 ; ⋯; x n g 2 M to Y ¼ fy 1 ; y 2 ; ⋯; y n g 2 N . Fig. 6 is used to clarify our notation.
The neuroscientific understanding of topographic regularity implies that certain spatial relationships among the points in X are preserved among Y . In order to compare X and Y that are on different manifolds, we propose to use the composite mappings that are in the form of Fig. 6 provides visualizations for the mappings that are used.
The Voronoi cell on M associated with point x i 2 X is by definition the set of all points x 2 M whose distance to x i is not greater than the distance to any other x j 2 X , i.e.: fx 2 M dðx; x i Þ dðx; x j Þ; ordinal relationships. The reason behind this reduction can be explained using the example shown in Fig. 6(a) . As long as y 4 is within the dashed region, its ordinal relationships with other points will be the same, indicating that all such cases have the same topographic regularity. This is consistent with the neuroscientific interpretation of topographic organization that implies the projections from M to N do not mix nor tangle. On the other hand, when y 4 moves within the dashed area pairwise geodesic distances between y 4 and its neighbors do change. Therefore direct comparison of pairwise distances between X and Y is not an adequate choice to measure topographic regularity. Pair-wise distance relationships are only preserved when end points Y , can be expressed as a rigid transform of end points X . Topographically regular projections on the other hand, involve a larger set of transformations, including non-linear deformations as well. This makes comparison of ordinal relationships a suitable choice to quantify preservation of topographic regularity. In order to compare ordinal relationships, we compute the shortest distances between the vertices of graphs and use the classical multidimensional scaling (MDS), ℛ : G → ℝ 2 , and map
The resultant point sets are:
For point sets with identical pairwise ordinal relationships, MDS produces projections on ℝ 2 that are identical with unknown 2D rotation. Therefore the procrustes dissimilarity measure between X and Y, P d ðX; YÞ, that considers only rotational changes provides a measure to the loss of topographic regularity. As a result, the intrinsic topographic regularity (ITR) measure, ITR ¼ P d ðX; YÞ ¼ 0 for perfectly topographically regular mappings and increases with the loss of regularity.
ITR does not require any parameters. ITR is unitless since it is computed based on distances on unweighted graphs. ITR measures the loss of neighborhood integrity of streamlines and it is always ! 0. We demonstrate the properties of ITR on toy examples shown in Fig. 7 . Here we did not draw the tractograms since only the end points are used to show the 3D scatter plots of angle and eccentricity. Both coordinates smoothly vary, however variation of angle is mathematically more complicated than the U-shaped eccentricity. All angle and eccentricity values are to the scale and shown using the corresponding color maps on the left.
compute ITR. For simplicity we considered cases where tractograms project from one plane, M , to another, N , and showed the graphs on the planes. Examples demonstrate why ITR does not change with identity, rotation, translation, scaling transforms and also some non-linear deformations. 
Test data and experimental setup
We conducted four different experiments in our study and evaluated the performance of our approach from various aspects. For all experiments we provided results for qualitative and quantitative comparisons. A summary of our experiments are given in Table 1 .
For all datasets, we used our recent algorithm (Tran and Shi, 2015) to compute the FODs that are represented with 8 th , 10 th , 16 th and 16 th order spherical harmonics respectively for experiments 1 to 4, that are fully compatible with MRtrix.
We compared our technique against MRtrix's iFOD1, iFOD2 and SD_STREAM algorithms. iFOD1 and iFOD2 algorithms are probabilistic techniques whereas SD_STREAM is a deterministic tractography algorithm.
Experiment 1: FiberCup
The FiberCup phantom was built based on the procedure introduced in (Poupon et al., 2008) and it was used in the MICCAI 2009 tractography challenge (Fillard et al., 2011) . The data is extensively studied and tested in several tractography papers for benchmarking purposes (Côt e et al., 2013) . The dMRI data for the FiberCup can be freely downloaded from http://www.tractometer.org/original_fibercup/data/. In our tests we used the average data with b-value 1500.
The list of tractography parameters used for the FiberCup experiments is shown in Table 2 . The parameters are carefully chosen such that all techniques can successfully capture all the 7 bundles of the FiberCup phantom with low amount of false connections. However parameters are not optimized for any of the approaches. Because the elimination of the short streamlines can drastically change the results, we conducted two sets of evaluations addressing this issue. In one set, we did not remove any short tracks as adopted in (Côt e et al., 2013) . In another set, we removed the streamlines shorter than 20 mm which was adopted in (Neher et al., 2014) . For the reconstruction of tractograms, we used the white matter mask provided with the phantom and uniformly seeded it to obtain 100 thousand streamlines for each technique. 
Experiment 2: Traced
In order to study the reproducibility of tractograms obtained using our approach, we conducted experiments on the Traced dataset which is used in the ISMRM 2017 tractography challenge. Traced contains 20 dMRI images of the same human subject. Images are collected using 2 scanners (Philips 3T) during 2 different sessions per scanner where 5 separate acquisitions are done in each session. A detailed description of the images as well as the dataset can be accessed through the challenge website (https://my.vanderbilt.edu/ismrmtraced2017/). (Neher et al., 2014) , (Fillard et al., 2011) Traced website* -- For all images, we obtained whole brain tractograms consisting of 1.25 million streamlines. All tractograms are obtained using the same parameters shown in Table 3 .
In accordance with the challenge specifications, we extracted 16 fiber bundles from whole brain tractograms using manually drawn included and/or excluded ROIs (same ROIs are used for all images). The extracted bundles are left and right cingulum, fornix, inferior fronto-occipital fasciculus (IFO), inferior longitudinal fasciculus (IFL), superior longitudinal fasciculus (IFL), uncinate fasciculus and corticospinal tract (CST). Additionally forceps major and minor are extracted.
We used tract density images (TDI) of fiber bundles to assess the reproducibility of results. For quantitative tests, we obtained the intra-class correlation coefficient (ICC) and Dice similarity scores using the challenge submission system. ICC values are computed using the continuous TDI values, Dice scores are computed using the binary fiber bundle masks.
Experiment 3: Visual pathway
We studied the left visual pathways of 56 subjects from the HCP dataset (3T dMRI). We obtained the tractograms using unidirectional tracking starting from the LGN that is the seed and V1 that is the included ROI. The tractography parameters used to extract the visual pathways are given in Table 4 . None of the parameter combinations are optimized. However, for each technique, separate adjustments are done so that Meyer's loop can be captured. To achieve this, compared to the default MRtrix parameters, we used increased angle values. For the same purpose, we used a lower cut-off value for the SD_STREAM approach compared to the other techniques. 2000 streamlines were reconstructed by each technique.
LGN, V1 and the eccentricity values on V1 are computed using our previous technique proposed in (Kammen et al., 2016 ). This approach is based on (Benson et al., 2012 (Benson et al., , 2014 ) that is mentioned in section 2.2.1 and was used earlier to identify the sub bundles of the optic radiation (Kammen et al., 2016) .
Experiment 4: Motor pathway
We studied the left and right motor pathways of 10 subjects from the HCP dataset (3T dMRI). We focused on the extraction of corticospinal tract (CST), in particular the part from the internal capsule (IC) to precentral gyrus (PCG). This part of the CST is topographically regular and it follows the somatotopic organization (Ruben et al., 2001 ). We obtained CST by unidirectionally tracking streamlines starting from IC to PCG. Fig. 9 shows the location of the manually marked IC region. The PCG labels are obtained using Freesurfer (Fischl et al., 2002) . The tractography parameters used to obtain the CST are given in Table 5 . The parameters are not optimized for any of the techniques. They are adjusted such that each algorithm can capture a large portion of PCG while keeping their geometric regularity. For quantitative comparisons based on ITR, we used the end points of 2000 streamlines. Fig. 10 shows visual comparisons of iFOD1, iFOD2 and the SD_STREAM techniques with the proposed approach on the FiberCup phantom. Tractograms are obtained using the parameters in Table 2 . In order to keep the visualizations clear, approximately 600 random streamlines are shown using TrackVis (Wang et al., 2007a ). Short streamlines are not filtered for fair comparison. Each streamline segment is colored using the helix angle coloring for clear highlighting of cross sections.
Results

Experiment 1: FiberCup
In order to demonstrate that the geometrically and topographically organized bundles obtained with our approach is not due to the small step size, in Fig. 11 , we show iFOD1 results obtained with the same step size parameter used for our technique. For a fair comparison, to generate our results in Fig. 11(c and d) , we edited and recompiled our code so that each segment is saved instead of every 100 th . Overall iFOD1 and iFOD2 approaches visually are not found to reconstruct as well aligned streamlines as the SD_STREAM and the proposed approach. The deterministic SD_STREAM approach produces visually pleasing results; however the organization of the bundles are not as well preserved as the proposed approach which visually performed the best in FiberCup experiments.
Quantitative comparisons of the algorithms are shown in Table 6 . The deterministic SD_STREAM approach performed remarkably better than Fig. 9 . We focused on the CST, in particular the part from internal capsule (IC) to precentral gyrus (PCG). Left shows the manually marked seed region on IC.
The ROI is shown with a color gradient from blue to red that is used to color code streamlines for clearer visualization. Right shows the PCG labels obtained using Freesurfer.
the other approaches in IC ratio. The proposed approach on the other hand yielded exceptional values for the NC and VC ratios. The IC ratio for our approach is similar to iFOD1's. Best OL ratio was obtained by iFOD2 which also yielded the highest IC. Quantitative evaluations on the FiberCup data point out that the proposed approach brings the favorable aspects of deterministic and probabilistic techniques together. Fig. 12 shows example fiber bundles obtained using the Traced dataset. For visual evaluations, examples from both scanners are shown. In Fig. 12 , we visualized the results obtained using the first acquisition of the first session for both scanners.
Experiment 2: Traced
The visualizations show that our technique is capable of tracking challenging white matter connections. Our approach successfully tracks sharp turns that are present in cingulum, fornix, uncinate and CST. Also fanning connections such as the frontal part of IFO and lateral projections of CST and forceps minor are densely sampled, and they are clearly observable in our results. Covering a large portion of the brain, many of the fiber bundles shown in the results have projections through crossing regions which were resolved by our algorithm. While our approach was able to track intricate white matter connections of the brain, the streamlines generated by our technique also visually look well organized which is important for studying topographic regularity.
On the other hand, nearly for all bundles, some differences are observable between the two scanners. Based on visual evaluation, fornix seems to be the most challenging fiber bundle in our tests. Also the streamlines extracted for uncinate fasciculus visually do not look as consistent as most other tested fiber bundles.
The inter scanner Dice and ICC values are written on the third and forth columns of Fig. 12 . Consistent with our visual evaluations, we obtained the poorest reproducibility for fornix whereas forceps minor, cingulum and SLF scored high Dice and ICC measures. The presented results obtained an average Dice score of 0.64 and ICC of 0.89 in the ISMRM 2017 tractography challenge, which ranked 2 nd among 46 submissions. Fig. 13 shows the tractograms of the left optic radiation for four HCP subjects. Our approach successfully captures the Meyer's loop while preserving highly organized trajectories. Meyer's loop is not obtained Fig. 10 . Visualizations of the streamlines reconstructed for the FiberCup data. Segments are colored using the helix angle coloring option of TrackVis. Each column shows results obtained using the technique indicated on top. Streamlines reconstructed with the proposed method visually look very well organized, even on noisy and challenging areas of the phantom shown with red arrows. While other techniques lose bundle organization, our approach successfully propagates through crossings as shown on the second and third rows.
Experiment 3: Visual pathway
well enough with other techniques. Especially, we were not able to clearly obtain the Meyer's loop using the deterministic tractography algorithm SD_STREAM. Also as the streamlines approach V1, we observe that the probabilistic results from iFOD1 and iFOD2 start to lose their topographical organization. Fig. 14 (a) shows visualizations and quantitative measures for topographic organization assessed using the quality of fit measures of eccentricity as explained in section 2.2.1. Results show very organized eccentricity values associated with streamlines obtained using our technique. Visually iFOD1 and iFOD2 produce similar results with similar quantitative measures. SD_STREAM approach, although yields better R 2 and ITR values, its MSE is higher and visually the eccentricity values do not look well organized. All the quantitative measures obtained for our technique are consistent with the visual quality of the organization of the eccentricity values. Fig. 14 (b) shows the results for all 56 subjects. The dots above each technique represent different subjects. HCP subject #100307 is shown separately with blue color since this subject is used to explain our quantitative evaluation approach. Subjects #182739, #732243, #120212, #901139 are also shown in different colors since the optical pathways belonging to these subjects are visualized in Fig. 13 . The lengths of bars shown for each technique indicate the standard deviation among subjects. The lines in the middle of the bars show the mean value. The technique with the best score is marked with a (*) next to its bar.
Based on all three quantitative measures, the proposed approach performs the best in preserving the topographic regularity of the visual pathway. iFOD2 algorithm performs the poorest among the four techniques that were tested. The quantitative results obtained using ITR measure are consisted with MSE and R 2 . Fig. 15 shows side by side visual comparisons of the CST tractograms obtained using iFOD1, iFOD2, SD_STREAM and our technique. Each streamline is assigned a color that matches their projection on the internal capsule as shown in Fig. 9 . We observe that except the SD_STREAM algorithm, all tested techniques are able to generate streamlines projecting to a large part of PCG. Compared to iFOD1 and iFOD2 algorithms, SD_STREAM and our algorithm generate more organized streamlines.
Experiment 4: Motor pathway
In Fig. 6 we graphically showed how ITR is computed. Fig. 16 (a) shows the actual results for each step obtained for the left CST of subject #106016. Fig. 16 (b) shows the ITR values computed for all the left and right CST tractograms. Each dot indicate a different subject. The values for subjects #106016 and #103818 are shown in different colors since the CSTs for these subjects are visualized in Fig. 15 . The lengths of the bars indicate the standard deviation and the middle lines on the bars show the mean values. The best average ITR scores for left and right are shown with a (*).
Quantitatively our method scored between the deterministic and the probabilistic approaches. While SD_STREAM yielded the highest ITR score, qualitative results on Fig. 15 show that this approach is not successful in reconstructing a large amount of the projections on PCG. Similar to the results obtained for the visual pathway experiments, iFOD2 performed the poorest in our CST tests as well. Fig. 11. (a-b) show the iFOD1 results obtained with the same step size used for our approach (Table 2 ). For (a), an angle constraint of 0:058 ∘ is used (0:05 ∘ was not possible with MRtrix), that is comparable to the rotation of the tangent axis of the Frenet-Serret frame for our approach since we used σ N ¼ σ B ¼ 0:05
angle constraint of 0:5 ∘ is used, below which iFOD1 fails to capture all the bundles of the phantom. Notice that for both (a-b) a cut-off value of 0.0075 is used which is higher than the one used in our approach that is 0.004. (c-d) show the results obtained using the proposed approach after recompiling the code in order to write each segment instead of every 100
th . (c) shows the results obtained using the parameters in Table 2 . (d) shows the result when σ N ¼ σ B ¼ 0:5 ∘ for which the bundle organization starts to get lost in the circled areas. (e) Our approach is no more successful for increased
propagations are made mainly due to curvature and torsion variations. Although we obtain the most organized streamlines using this setting, our method fails to make the sharp turns. For (c,d,e,f), all other parameters are kept the same as shown in Table 2 . 
Discussions and conclusion
Topographic organization of the brain's connections is a fundamental structural property (Patel et al., 2014) . This intriguing structural organization of the brain has been studied in numerous earlier studies using dMRI and tractography Jbabdi et al., 2013b; Lee et al., 2015) . However, it has not been utilized well for extracting streamlines. Our goal in this study is to leverage this very underused feature of the brain and formulate a new tractography technique that respects the integral structural properties of the connections.
The recent trend towards quantitative tractography aims to solve the local microstructure problem while generating consistent streamlines globally for the whole brain (Daducci et al., 2016) . Unlike recent solutions such as (Reisert et al., 2014) , our technique decouples these two problems. Similar to earlier techniques, we start with the already analyzed microstructure which provides FODs (Tran and Shi, 2015) . Although we did not study in this work, methods like SIFT2 , COMMIT (Daducci et al., 2015) and LiFE (Pestilli et al., 2014; Takemura et al., 2016) can also be used with the streamlines generated by our technique for quantitative tractography.
Our technique employs two independent mechanisms for propagation. The first mechanism ensures that the streamlines are geometrically regular. Tractography techniques although typically employ constraints for geometric regularity, a significant majority of the algorithms achieve this by limiting the angle between consecutive steps and optionally adding Euler's or Runge-Kutta's method for additional regularity (Basser et al., 2000) . This approach is applied in almost all of the commonly used propagation based deterministic and probabilistic techniques such as the algorithms in popular tractography softwares like MRtrix (Tournier et al., 2012 , ExploreDTI (Leemans et al., 2009) , DSI Studio (Yeh et al., 2013) , Camino (Seunarine et al., 2007; Whitcher et al., 2008) , TrackVis (Wang et al., 2007b) , 3DSlicer as well as the global techniques like the Gibbs tracker . Many other newer algorithms have also adopted similar strategies (Feng and Wang, 2011; Vorburger et al., 2013; Ye et al., 2016; Ye and Prince, 2017) . Our approach radically differs from these techniques because it does not assume that streamlines are locally straight. To the best of our knowledge, Frenet-Serret frame is used for the first time in the core of the tracking algorithm to ensure geometric regularity. Arc length parameterized streamlines have been previously used in a Hough transform based tractography algorithm (Aganj et al., 2011) . Similar to our approach, this technique is also capable of generating geometrically very regular streamlines. However, in this study authors used a parameterization based on polynomial approximations whereas we used a more general parameterization based on a first order system of ODE. The five independent variance parameters in our technique that are used to control streamline geometry allow a much higher degree of freedom for propagation compared to other approaches.
In our technique, additional to ensuring geometric regularity, a second mechanism is used to propagate along topographically regular pathways by incorporating neighborhood information. It was shown earlier in (Savadjiev et al., 2008 ) that neighborhood information can be Fig. 12 . Results of the reproducibility tests using the Traced dataset. Visualizations of the fiber bundles in the first two columns show the results obtained with the first acquisition of the first session for both scanners. Third and forth columns show the inter scanner Dice and ICC measures. Results show that our algorithm can successfully track challenging white matter connections and resolve fiber crossings for example in the frontal parts of SLF. While our technique is capable of tracking sharp turns as in the case of cingulum, fornix, uncinate and CST, it could also densely sample the fanning frontal parts of IFO, lateral projections of CST and forceps minor. On average, our technique obtained a Dice score of 0.64 and ICC of 0.89, ranking 2 nd among 46 entries during the ISMRM 2017 tractography challenge.
used to identify bundle architectures. Using the data support for helical curves , devised a technique to distinguish curving or fanning structures. In (Rowe et al., 2013) , authors proposed a tractography technique based on particle filtering that weighs candidate streamlines according to local data support and neighborhood informed FODs from the local dispersion estimates. In this approach, neighborhoods are explored with streamlines along varying trajectories. In contrast, we evaluate the data support for a set of parallel curves, that is inspired from the underlaying topographically regular nature of fiber bundles. Our technique also differs from approaches that aim for directional smoothing or regularization using neighborhood information, such as . Unlike our approach, these techniques assume that neuronal fibers are locally straight and they do not take into account local curvature and torsion. Our technique on the other hand only assumes that connections are locally smooth. This takes into account different curves with varying curvatures and torsions which share the same direction or tangent.
Curves can be parametrized in many ways. For our work we chose to work with the Frenet-Serret frame since this parametrization supports parallel curves without the need to introduce any other additional mathematical concepts. More critically, the tangents necessary to compute the likelihood expression can be analytically obtained using a Frenet-Serret frame representation as shown in Appendix B. The analytical solution allows us to use the same integration points to compute likelihoods of candidates. With this benefit, Frenet-Serret frame requires the costly FOD interpolations to be done only once at each step. Therefore, although simpler parameterizations such as splines can have advantages for tracking geometrically regular streamlines, their extension to support topographic regularity is not as trivial as the Frenet-Serret frame's.
For the rotation of the Frenet-Serret frame, we chose the Tait-Bryan approach because the angular deviations that are required from the user are simple and intuitive to set, i. e: first, second and third rotations are done around T ! , N ! and B ! respectively, which are the same as roll, pitch and yaw maneuvers used in aircrafts. Because the rotations are done intrinsically, i.e.: axes of rotations are bound to the moving body, our 3D rotation does not suffer from gimbal locks. The three elementary rotations shown in Fig. 3 are implemented using quaternions. An additional goal of our work was to devise techniques to quantify topographic regularity. For that purpose, we proposed two different approaches, the first one is based on the known retinotopic mapping of the visual pathway. The other approach, ITR, is purely based on the geometric properties of the streamlines. The two approaches are fundamentally different. Both techniques showed that our tractograms are more topographically regular compared to the other two probabilistic techniques. We could not find any other method in the literature that is developed to quantify topographic regularity of tractograms. Because it is a fundamental property of the brain's connections, we believe it is important to have quantitative measures for topographic regularity which we will work on more in the future.
In an earlier work, we had proposed an approach to quantify topographic regularity of individual streamlines using spectral graph theory and tensor decomposition (Wang et al., 2017) . This approach takes into the account the propagation of streamlines together with their neighbors which are obtained based on a distance parameter. We proposed to use this technique to filter out topographically irregular streamlines. In contrast, the ITR measure quantifies the topographic regularity of a tractogram (set of streamlines) that connects two surfaces (2-manifolds). It is important to note that ITR also does not suffer from any parameter biases since it does not require any inputs other than the corresponding end points of the tractogram on the two connected surfaces. From Fig. 14(b) , we observe that ITR provides consistent topographic organization information with MSE and R 2 which are obtained using retinotopic mapping.
We compared our tractography algorithm against popular deterministic and probabilistic techniques that are included in the MRtrix3 suite. Extensive benchmarking of our results against other techniques such as global tractography is not within the scope of our current work, however, are planned to be done in the future.
In our experiments, we tested our algorithm with respect to "connectivity", "reproducibility" and "topographical regularity". In order to evaluate the connectivity aspect, we chose to work with the original FiberCup phantom since it is very well known and used in several other previous studies. Both qualitative and quantitative evaluations show very promising results favoring our approach. Côt e et al. (2013) conducted extensive studies on the FiberCup data featuring over 50 thousand experiments. The results shown on the upper part of Table 6 are obtained using the same approach and are comparable to the values obtained by these authors. As (Côt e et al., 2013 ) demonstrated, with different parameter combinations, individual scores for NC, VC, IC and OL can be optimized. Our goal in this study was to obtain adequate results for each measure rather than focusing on one of them. An extensive study on the determination of the best parameter combination for each measure is not in the scope of our work. Overall our approach performed the best in NC and VC measures while scoring similar to the other probabilistic approaches with respect to the IC measure. Additionally many authors such as (Neher et al., 2014) prefer to remove the short streamlines when studying the FiberCup phantom. In order to provide our results for this case, we provided the lower half of Table 6 for interested readers.
We studied the ISMRM 2017 tractography challenge dataset in order to test the reproducibility of our approach. Notice that this challenge compared images that contain probabilities of fiber bundles for each voxel. Streamlines themselves were not submitted nor qualitatively compared during the challenge. The fiber bundles in Fig. 12 visualize the streamlines from our submission which were not shown prior to this study. With average Dice score of 0.64 and ICC of 0.89, our results quantitatively ranked 2nd during the challenge among 46 submissions.
We conducted two sets of experiments in order to study topographic regularity, one using the visual and the other using the motor pathway. The seed and included ROIs were obtained automatically for the visual pathway experiments. The seed ROIs for the motor pathway however were manually marked. Therefore we used a limited number of subjects for these experiments. For quantitative comparisons, we took a different approach than the one chosen for the FiberCup and Traced studies. This is because we focused only on the reconstruction of individual bundles and their topographic regularity. All quantitative results for the visual pathway favored our technique. Although SD_STREAM quantitatively performed better in motor pathway experiments, this approach was not able to generate streamlines that cover large portions of PCGs unlike all the other techniques. We believe this highlights the importance of visual inspection while evaluating the quality of tractograms.
Overall our experiments point out some interesting properties of our technique. For the FiberCup experiments, our approach yielded an overlap ratio (OL) that is between the probabilistic and deterministic techniques. Coincidentally, we visually observe in Fig. 14 that the end points obtained with our approach look tighter compared to probabilistic techniques and they also seem more clustered similar to the deterministic SD_STREAM approach. Previous studies show that deterministic techniques tend to cover limited parts of fiber bundles resulting in high ratios of false negatives (Côt e et al., 2013) . We believe this is partly because deterministic approaches mainly follow peaks and do not address local uncertainty during propagation. On the other hand, while probabilistic techniques are able to sample challenging pathways, they tend to oversample and generate large numbers of false positives (Maier-Hein et al., 2017) . Our experiments show that the proposed approach provides a balanced compromise between deterministic (SD_STREAM) and probabilistic techniques (iFOD1, iFOD2) when addressing the uncertainty. The results show that our method not only can generate highly organized streamlines similar to deterministic techniques but it can also sample challenging ones akin to probabilistic methods. Tractograms computed by iFOD1 and iFOD2 techniques do not look organized. Our approach was capable of generating organized streamlines which also project to large areas of PCGs. Our tracker geometrically has a very large degree of freedom for maneuverability since each segment is parametrized using three orthonormal vectors, together with a curvature and torsion value. This however comes with the downside of increased number of input parameters. We believe the flexibility during propagation enables our tracker to make very sharp turns and sample intricate connections. At the same time, by taking into account large neighborhoods during propagation, we think our approach mitigates noise effects that enables tracking of smooth looking curves. This can be visually observed in Fig. 10 plotted for the FiberCup experiments. We believe this also has a role in decreasing NC and increasing VC that are shown in Table 6 . The relatively low OL obtained with our technique (in comparison to probabilistic approaches) might be due to the noise in the dataset which locally reduces topographic regularity thus our likelihood function. Although for our approach OL could be increased by decreasing the neighborhood dimension or the cut-off parameter, we expect this to come with a cost of increased NC, increased FP and decreased VC. Based on our experiments, we observe that a neighborhood size of one to two times the voxel dimension produces robust and adequate results. Although using small values is possible with our algorithm, this would reduce the benefit of leveraging topographic regularity. On the other hand, very large values may hinder tracking of intricate connections since neighboring larger bundles can dominate the likelihood function. Although we have not observed any clear problems at fiber crossing, fanning or diverging regions, we believe a large neighborhood dimension may lead to early termination of streamlines close to grey-white matter interface where data support for propagation is lower.
Our current implementation is written in MATLAB and Cþþ. Our code is not yet optimized. It generally takes several hours to populate a few thousands streamlines, which we are working on, by improving our implementation and the algorithm. Although our technique uses more parameters compared to conventional algorithms, they are intuitive and their effects are easy to anticipate.
In summary, a novel probabilistic tractography technique that captures the topographic organization of fiber bundles is developed in this study. We used parallel curves to examine the local fitting of streamlines to the underlaying field of FODs while preserving geometric regularity using parameterized curves with a Bayesian framework. Using tractograms obtained with datasets featured in international tractography challenges, we studied our technique with respect to connectivity and reproducibility aspects. Additionally, we performed experiments with the visual and motor pathways of subjects from the HCP dataset. We conducted qualitative and quantitative evaluations and showed that our method is able to generate very organized streamlines while capturing geometrically challenging connections. 
B. Finding tangents at integration points
All integration points lay along parallel curves. Let γ be a random parameterized curve and γ k be the parallel curve that the integration point p ¼ γ k ðsÞ lays on. By definition, γ and γ k have the same T, N, B, κ, τ,C 1 ,C 2 and C 4 . However their C 3 are not same. Because γ k ð0Þ ¼ γð0Þ þ aB þ bN (by the definition of parallel curves), C 3 for γ k is aB þ bN more than of γ 0 s. Then using Equation F.5 and F.6, γ k can be expressed as:
This is a non-linear system of 3 equations with 3 unknowns, s, a and b; which can be expanded into: where the x, y and z components are separated. After expressing a and b in terms of F x ðsÞ, F z ðsÞ and F z ðsÞ (steps are not shown since it is lengthy and straightforward), the following can be obtained: For Equation (B.4) we obtain a fast estimate to sβ by using a 3 rd order polynomial approximation of sinðsβÞ. Lastly we compute the tangents by plugging sβ in Equation (A.6). C. Contribution of curvature to prior probability
In our algorithm, we mapped curvatures, κ, to angles using the function ψðκÞ ¼ asinðκÞ. With this mapping, curvature contributes to prior probability using the following expression, e . Notice that the latter produces close results and it is also a valid choice. We however preferred to use Ψ ðκÞ, because the curve with curvature κ ¼ sinðαÞ, intersects a circle with radius 2 mm (currently hard-coded in our implementation) at α radians, i. e: evenly spaced angles, yield evenly spaced intersection points that are comparable, thereby linearizing the affect of varying curvature. This is not the case when curvature itself is linearly varied which is explained graphically in Fig. 17 . Notice that the effect of torsion is incorporated separately in the prior term and not included here. 
